This pa per de scribes and com pares sev eral ef fec tive meth ods for the nu mer i cal solu tion of one-di men sional Stefan prob lems. The in ten tion is not to make an ex haustive re view and so we re strict our at ten tion to a range of prob lems and ge om e tries
In tro duc tion
Phase change prob lems, also known as the Stefan prob lems, oc cur nat u rally in many phys i cal pro cesses, such as, freez ing and thaw ing of foods, pro duc tion of ice, ice for ma tion on pipe sur face, so lid i fi ca tion of steel, and chem i cal re ac tion. Math e mat i cally, melt ing/so lid i fi cation prob lems are spe cial cases of mov ing bound ary prob lems. Prob lems in which the so lu tion of a dif fer en tial equa tion has to sat isfy con di tions on the bound ary of a pre scribed do main are referred to as bound ary-value prob lems. How ever, in the case of melt ing/so lid i fi ca tion, the bound ary of the do main is not known in ad vance. This means that the so lu tion of such prob lems re quires solv ing the dif fu sion or heat con duc tion equa tion in an un known re gion which has to be de ter mined as part of the so lu tion.
There are very lim ited an a lyt i cal so lu tions to melt ing/so lid i fi ca tion prob lems and exist ing closed-form so lu tions to these sig nif i cant prob lems are highly re stric tive as to per mis si ble ini tial and bound ary con di tions. So nu mer i cal so lu tion be comes the main tool in the study of mov ing-bound ary prob lems. Two con di tions are re quired in or der to solve these mov ing-boundary prob lems, one to de ter mine the bound ary it self and the other to com plete the def i ni tion of the so lu tion of the dif fer en tial equa tion.
This pa per in volves a brief re view of re cent key nu mer i cal meth ods for one-di mensional Stefan prob lems for sim ple ge om e tries in clud ing plane, cy lin dri cal, and spher i cal. It is im por tant to note that the re view is not in tended to be ex haus tive. Nu mer i cal re sults are ob tained from a range of meth ods re searched by the au thors, in clud ing the enthalpy method, bound ary im mo bi li za tion method (BIM), per tur ba tion method, nodal in te gral method (NIM), and heat--bal ance in te gral method (HBIM). By com par ing re sults, and in some cases mak ing com par isons with an a lyt i cal so lu tions (where pos si ble), some con struc tive com ments can be made which will pro vide use ful guide lines for the fu ture use of these meth ods.
Prob lem for mu la tion

Melt ing in the half-plane
Con sider the melt ing of cer tain ma te rial ini tially at its freez ing tem per a ture T f in the half-plane x > 0 sub ject to a time-de pend ent tem per a ture change at x = 0. The dimensionless gov ern ing equa tion for the pro cess is:
sub ject to bound ary con di tions
where T is the tem per a ture, x is the space vari able, s(t) is the po si tion of the mov ing bound ary, and 
Out ward cy lin dri cal so lid i fi ca tion
Con sider the out ward cy lin dri cal so lid i fi ca tion of a sat u rated liq uid due to low tem pera ture at the bound ary. The prob lem can be for mu lated as:
Out ward spher i cal so lid i fi ca tion
In the case of out ward spher i cal so lid i fi ca tion, the cor re spond ing gov ern ing equa tion is:
sub ject to bound ary con di tions (5) and (6) .
Nu mer i cal meth ods
In this sec tion we in tro duce a range of meth ods for the so lu tion of Stefan prob lems. In all meth ods only the for mu la tion for the plane ge om e try is de scribed since other ap pli ca tions fol low the same idea. Read ers may re fer to spe cific pa pers listed in the ref er ences for fur ther details of the meth ods.
Enthalpy method
The enthalpy for mu la tion is one of the most pop u lar fixed-do main meth ods for solv ing the Stefan prob lem. In the for mu la tion, the enthalpy func tion is in tro duced such that the flux con di tion is au to mat i cally sat is fied across the phase front, which is re al ized as a jump dis con tinu ity of the enthalpy. Date [1] has de vel oped an enthalpy method which tracks the phase front eas ily.
He has ap plied this method to one and two di men sional prob lems in plane ge om e try and has ob tained good agree ment with ex ist ing so lu tions. More re cently, Caldwell et al. [2, 3] have also suc cess fully ap plied the method to cy lin dri cal and spher i cal ge om e tries. Ex ten sion of the method to higher-di men sional prob lems can be found in Caldwell et al. [4] .
First, the enthalpy func tion H is de fined by:
where a' = 1/a and f l is the lo cal liq uid frac tion given by:
0 0 Hence H is iden ti cal to the tem per a ture ex cept when phase change oc curs, in which case H has a jump of a'. Sub sti tut ing H into the heat equa tion, we ob tain:
Discretization of eq. (9) will re sult in a set of non-lin ear equa tions. Date [1] in tro duces a sim ple method which at the same time pro vides an ef fec tive means of track ing the phase bound ary. From eq. (8) we can write T = H + H', where:
Also, we note that -H'/a' is the lo cal liq uid frac tion while 1 + H'/a' is the lo cal solid frac tion.
The im plicit discretization of eq. (9) is:
where Dx and Dt rep re sent the space and time steps, re spec tively. Us ing the re la tion
( ) ob tained from eq. (10), we have: 
where g = Dt/(Dx) 2 . This re sults in a set of non lin ear equa tions. To solve this sys tem we em ploy an it er a tive scheme, where terms in volv ing H' are set to lag be hind terms in volv ing H for one iter a tion. Us ing the value of H from the pre vi ous time step as the ini tial guess, the val ues of H' are cal cu lated from eq. (10). The new value of H is then ob tained from eq. (12) . This pro cess is contin ued un til the it er a tions con verge. Then we can con tinue to the next time step. Note that each it er a tion in volves solv ing a tridiagonal sys tem, and can be done ef fec tively by the Thomas al gorithm.
Re call ing that -¢ H i /a' is the liq uid frac tion in the i th con trol vol ume, there is a sim ple way to cal cu late the po si tion of the phase front. Con sider the in te gral I, which rep re sents the volume of solid in the range 0 £ £ x s t ( ):
The last term is due to the fact that the first cell is al ways oc cu pied by liq uid. Here, the sum ma tion can be car ried out over all the cells since the cells be hind the phase-front give ze ros to -¢ H i /a' . Hence we have s(t) = I. Note that in the cases of out ward cy lin dri cal and spher i cal so lid i fi ca tion, there are small dif fer ences in the for mu lae for I and s(t). The cor re spond ing equa tions for out ward cy lindri cal so lid i fi ca tion are: 
Bound ary im mo bi li za tion method (BIM)
With a suit able trans for ma tion, it is pos si ble to fix the mov ing bound ary. This method was first ap plied to a fi nite dif fer ence scheme by Crank [5] . Kutluay et al. [6] have also suc cessfully ap plied the method to var i ous prob lems.
Un der the trans for ma tion:
eqs. (1)- (3) can be trans formed to one in the fixed do main 0 1 £ ¢ £ r :
sub ject to
A fi nite dif fer ence discretization of eq. (13) im plicit in T * and ex plicit in s is:
where
and g = Dt/(Dx) 2 . At each time step, the tem per a ture dis tri bu tion is ob tained by solv ing eq. (16) and the po si tion of the mov ing bound ary is up dated via the for mula:
Note that a start ing so lu tion for small time is re quired by the BIM. For plane ge om e try one can use the an a lytic so lu tion for the prob lem with con stant bound ary con di tion as the starting so lu tion [7] . Read ers may re fer to Caldwell et al. [8] for the start ing so lu tions for other geom e tries.
Per tur ba tion method
The per tur ba tion method only works for small Stefan num ber. It has been suc cess fully ap plied to Stefan prob lems with sim ple bound ary con di tions in dif fer ent ge om e tries see [9] [10] [11] . More re cently, Caldwell et al. [12] suc cess fully ap plied the method to Stefan prob lems with time-de pend ent bound ary con di tions.
Since s(t) is ex pected to be a monotonic func tion of t, we may re place t by s as the second in de pend ent vari able in the gov ern ing equa tions. By mak ing use of eq. (3), eq. (1) can be writ ten as:
On the other hand, the bound ary con di tion at x = 0 is writ ten as:
We now de rive a three term per tur ba tion so lu tion of the form:
Sub sti tut ing eq. (21) into eqs. (19) and (20), the gov ern ing equa tions for T 0 , T 1 , and T 2 are: 
: 
The so lu tions of the above equa tions are: 
where x* = x/s. Thus, the po si tion of the mov ing bound ary fol lows the equa tion: The fi nal step is to sub sti tute back f(t) for F(s). With the re la tions: 
where 
t t t c t s t s t
) ( By solv ing eq. (25), the value of ds/dt is ob tained and s can be found by nu mer i cal in tegra tion.
On the other hand, the tem per a ture dis tri bu tion can be ob tained by sub sti tut ing eq. (16) into eq. (14) .
Nodal in te gral method (NIM)
A semi-an a lyt i cal nodal method to solve the one-di men sional Stefan prob lem was devel oped by Rizwan-Uddin [13] . We give a brief de scrip tion of the method here. Con sider the trans formed heat eq. (13). The space-time do main (0 £ x * £ 1; 0 £ t £ t fi nal ) is first discretized into space-time nodes. Each node is iden ti fied by the sub script (i, k). The space-av er aged, time-depend ent tem per a ture and time-av er aged, space-de pend ent tem per a ture for each node are, respec tively, de fined as:
First, eq. (15) is in te grated over the time step t k-1 £ t £ t k to yield: . Af ter in tro duc ing some sim pli fy ing as sump tions, the sec ond-or der ODE in space is solved us ing the Dirichlet bound ary con di tions at the left and right edge of the node, lead ing to a so lu tion of the form:
where C m (m = 1, 2, 3, . . .) are con stants. On the other hand, the first-or der ODE in time is solved us ing the ini tial con di tion at the be gin ning of the time step, lead ing to a so lu tion of the form:
A set of cou pled al ge braic equa tions is ob tained at each time step by re quir ing con ti nuity of time-step-av er aged tem per a ture and its spa tial de riv a tive at each node in ter face. This set of cou pled equa tions is then solved iteratively for time-step-av er aged tem per a ture at each lo cation T x x k t i ( ) * = and space-av er aged-tem per a ture at the next time step T i k (t = t k ). Fur ther de tails of the method and its ap pli ca tion to two prob lems with time-de pend ent bound ary con di tions are given by Caldwell et al. [14] . A com par i son of nu mer i cal re sults with those from the enthalpy method is also in cluded.
Heat-bal ance in te gral method (HBIM)
The HBIM was first pro posed by Good man [15, 16] . Good man's idea is to as sume a par tic u lar tem per a ture pro file, and in te grate the heat equa tion over an ap pro pri ate in ter val to obtain a set of heat-bal ance in te gral equa tions. The equa tions are then solved to ob tain the mo tion of the phase bound ary. Later Bell [17] pro posed a sys tem atic method to im prove the ac cu racy of HBIM, which we will pres ent be low. The main idea is to sub di vide the de pend ent vari able T, and as sume a lin ear pro file within each sub di vi sion. Ac cu racy can be im proved by in creas ing the num ber of sub di vi sions. Re fine ments of the method have been pro posed by sev eral au thors, in clud ing the ex po nen tial HBIM [18] and the re fined in te gral method [19] . More re cently, Ren [20] suc cess fully ap plied the method to the in verse Stefan prob lem. Con ver gence anal y sis of the method can be found in [21] . For sim plic ity, we only con sider melt ing in the half-plane i. e. eqs. (1)- (3), with f(t) = 1. A de tailed de scrip tion of the method for out ward cy lin dri cal and spher i cal solidifications can be found in [22] . First we di vide the range [0, 1] into N parts, that is:
and de note the cor re spond ing po si tion of the iso therm by Z i . As sume a lin ear pro file within each
In te grat ing eq. (4) over
Tak ing the de riv a tive out side the in te gral sign, we ob tain:
Re plac ing T by the lin ear pro file and en sur ing that the ex pres sion rep re sent ing change in flux is ap prox i mated by the dis con tin u ous change in ad ja cent pro file gra di ents, we ob tain a sys tem of or di nary dif fer en tial equa tions for the pen e tra tion depth Z i , namely: 
It can be seen that the above sys tem is stiff, at least for small t where the dis tances between ad ja cent iso therms are small. Hence a stiff ODE solver is re quired to solve the sys tem. Be sides, a start ing so lu tion is re quired by the HBIM. Caldwell et al. [23] con structed spe cial start ing so lu tions for out ward cy lin dri cal and spher i cal solidifications. Al ter na tively, one can also use the start ing so lu tions men tioned in the BIM.
Nu mer i cal re sults and dis cus sions
We pres ent and dis cuss the nu mer i cal re sults in ap ply ing the above meth ods to dif ferent test cases.
Ex am ple 1
The first ex am ple cor re sponds to the melt ing in plane ge om e try with a = 0.2 and f(t) = 1. The an a lytic so lu tion to the prob lem is:
where erf de notes the er ror func tion and l is the so lu tion of the tran scen den tal equation:
The nu mer i cal re sults for this ex am ple are pre sented in tab. 1. Note that an adap tive ODE solver is used in the per tur ba tion method and HBIM and so the time step is not con stant. 
Ex am ple 2
The sec ond ex am ple cor re sponds to the melt ing in plane ge om e try with a = 1.0 and f(t) = = exp(t) -1. The an a lytic so lu tion to the prob lem is:
The nu mer i cal re sults for this ex am ple are pre sented in tab. 2. 
Ex am ple 3
This ex am ple cor re sponds to the out ward cy lin dri cal so lid i fi ca tion with a = 0.2 and f(t) = 0. There is no known an a lyt i cal so lu tion to the prob lem. The nu mer i cal re sults for this exam ple are pre sented in tab. 3. 
Ex am ple 4
The last ex am ple cor re sponds to the out ward spher i cal so lid i fi ca tion with a = 0.2 and f(t) = 0. There is also no known an a lyt i cal so lu tion to the prob lem. The nu mer i cal re sults for this ex am ple are pre sented in tab. 4. In the case of plane melt ing, as re flected in tab. 1 and 2, the meth ods em ployed give good re sults in pre dict ing the po si tion of the mov ing bound ary when com pared with the an a lytic so lu tions. In the cases of cy lin dri cal and spher i cal so lid i fi ca tion, where the an a lytic so lu tions are not avail able, the meth ods em ployed give very sim i lar re sults, as re flected in tab. 3 and 4. The good agree ment achieved gives us con fi dence in us ing the meth ods to solve the Stefan prob lem nu mer i cally for dif fer ent ge om e tries.
Com ments on the meth ods
Here we give some gen eral com ments on the meth ods, which can serve as a guide line for solv ing a par tic u lar Stefan prob lem.
The enthalpy method is pop u lar be cause of its easy for mu la tion. As the gov ern ing equa tion for the enthalpy is very sim i lar to that for tem per a ture, only lit tle ex tra ef fort is re quired in pro gram ming. How ever, the it er a tive na ture of the so lu tion pro ce dure makes the com pu tational time lon ger. Be sides, nor mally the enthalpy method pro duces unphysical os cil lat ing so lution near the mov ing bound ary.
The BIM can ef fec tively re move the mov ing na ture of the bound ary at the ex pense of solv ing a more com pli cated equa tion. Be sides, a start ing so lu tion is re quired in or der that the method can be started. One ben e fit of the BIM is that the com pu ta tion time is com par a tively short and so it is pos si ble to achieve higher ac cu racy by re fin ing the mesh size.
The per tur ba tion method can trans form the Stefan prob lem into an ODE for the po sition of the bound ary. How ever, the for mu la tion of the purturbation method is com pli cated and can not be done eas ily with out sym bolic math e mat ics pack ages. Be sides, the per tur ba tion method only works for small Stefan num bers. Since a can be ar bi trarily small by se lect ing T ref close enough to T f , a con straint on f(t) is also re quired. Ex pe ri ence sug gests that re quir ing max 0£ £ t t final |f(t)| £ 1 is a good con straint. In the case f(t) = 1, it is found that by add ing more terms in the per tur ba tion so lu tion the method can work well for Stefan num bers as large as around 0.7. The NIM can pro duce better re sults with com par a tively small num bers of in ter vals. How ever, as the num ber of in ter vals in creases the it er a tion will be come more and more dif fi cult to con verge. Also the ex ten sion of the method to other ge om e tries is dif fi cult.
The HBIM gives good re sults for prob lems with con stant bound ary con di tions. However, the ex ten sion to time-dependent prob lems is dif fi cult. The com pli cated for mu la tion also makes it less at trac tive. For these rea sons the HBIM is nor mally used for val i da tion pur poses. 
